Abstract. The three-dimensional jump conditions for the pressure and velocity fields, up to the second normal derivative, across an incompressible/inextensible interface in the Stokes regime are derived herein. The fluid viscosity is only piecewise continuous in the domain while the embedded interface exerts singular forces on the surround fluids. This gives rise to discontinuous solutions in the pressure and velocity field. These jump conditions are required to develop accurate numerical methods, such as the Immersed Interface Method, for the solutions of the Stokes equations in such situations.
1. Introduction. Biological system containing cells can be considered as a multiphase fluid problem, with the cell membranes forming a boundary between fluids of differing material properties. Unlike standard multiphase fluid problems, such as droplets or bubbles, biological multiphase systems, such as red blood cells surrounded by blood plasma, are characterized by inextensible membranes and singular forces due to both a surface-tension like contribution and a resistance to bending [16] . Various techniques have been developed to model such systems. These techniques can be split into two categories, based on how they track the location of the interface. Lagrangian methods, such as the boundary integral method [24, 25] explicitly track the location of the interface. While these method can be highly accurate, they are difficult to extend to three-dimensions and are not well suited when the membrane undergoes large deformations. Eulerian method, on the other hand, implicitly track the location of the interface. Examples of Eulerian methods include the phase-field method [2, 13] and the level set method [18, 19] . Advantages of the Eulerian methods include easy extensibility to three dimensions and the ability to handle large membrane deformations naturally. The major disadvantage is the added computational cost of implicit membrane tracking.
Eulerian methods can be further divided into two categories depending on how they treat the singular forces arising at the embedded membrane. The first type, characterized by the immersed boundary method [15] or the continuum surface force method [4] , distribute (smooth) the singular forces over a small region near the interface. This essentially turns the membrane forces into localized body-force terms, which are then included in the fluid governing equations. For most situations this smoothing results in a first-order accurate method for the fluid equations [23] .
The second type of Eulerian method avoids the smearing of the interface by explicitly incorporating the singular forces and embedded boundary conditions in the field equations. These forces and immersed boundary conditions are included by explicitly considering the jump in the solution and derivatives of the solution across the interface. Mayo [14] used this idea to solve the Poisson and Biharmonic equation on irregular domains. Leveque and Li called this technique the Immersed Interface Method (IIM) and used it to solve Elliptic equations [9] . They later extended this to Stokes flow with elastic boundaries or surface tension [8] . Later the immersed interface method was further developed to model the Navier-Stokes equations [7, 12, 27] . Interested readers are referred to the book by Li and Ito for more information about the immersed interface method [11] .
The application of the immersed interface method to a multiphase fluid system requires that the jumps in the velocity and pressure field be explicitly calculated. For standard multiphase systems these jump conditions for a discontinuous viscosity across the interface have been determined both in two dimensions [22, 23] and three dimensions [5, 28] . Only recently has work been done on extending the immersed interface method to multiphase flows with inextensible membranes [21] . This recent work, though, is limited to the two-dimensional, constant-viscosity case and is not applicable to the more general discontinuous viscosity situation.
In this work the three-dimensional jump conditions for a multiphase Stokes flow system with an inextensible interface, singular forces, and a discontinuous viscosity are for the first time derived. The jump up to the second normal derivative of both the pressure and velocity fields will be developed. These jump conditions will be used to construct an Immersed Interface solver. Several analytic test cases are also developed to verify the accuracy of the jump conditions. This paper is organized as follows. First, the basic governing equations for the three-dimensional Stokes system with an inextensible membrane are presented. Next, in Sec. 3 the immersed interface method is briefly outlined. The jump conditions for the velocity and pressure in the Stokes equations are developed in Sec. 4. The derivation of analytic test cases is shown in Sec. 5 while results and convergence analysis follow in Sec. 6. A brief conclusion and future work follows in Sec. 7.
2. Governing Equations. Let a three-dimensional bounded domain, Ω, contain a closed and incompressible material interface Γ. For simplicity assume that the interface is wholly contained in the domain. The region enclosed by the interface is denoted as Ω − while the region outside the interface is denoted by Ω + , Fig. 2 .1. The fluid in each domain is modeled using the Stokes equations:
with boundary conditions u + = u b on the boundary of Ω. The pressure, p, body force term, g, and viscosity, µ, are all piecewise constant in the domain, with a finite jump occurring across the interface. The velocity field, u = (u, v, w), is assumed to be C 0 −continuous across the interface. It is also assumed that the velocity obey a no-slip condition on the interface. It is thus possible to state that the velocity of the interface Γ is given by q = u + = u − . Application of the volume incompressibility constraint, Eq. (2.2), to the momentum equations, Eq. (2.1), leads to a pressure-Poisson equation in each domain,
with a boundary condition on the outer domain of (2.4) ∂p
where n b is the outward facing normal to the domain Ω.
The incompressible interface requires that the velocity on the interface be divergencefree:
where ∇ s = (I − n ⊗ n) ∇ is the surface gradient and ∇ s · is the surface divergence operator.
The presence of the interface results in a singular force, f , exerted on the surrounding fluids. This singular force is application specific. In vesicle/cell simulations this force would be composed of a variable surface tension, γ, and other singular forces, f 0 :
where n is the outward facing normal to the interface Γ (from Ω − into Ω + ) and H is the total curvature. An example of other singular forces which might be applied are the bending forces in vesicle and red-blood cell simulations [19, 20] while the surface tension will be chosen to enforce the surface incompressibility constraint, Eq. (2.5). Future work will consider singular forces of this form.
The singular force is balanced by a jump in the normal component of the stress tensor:
where the stress tensor is given by (2.8)
3. Immersed Interface Method. The governing equations as described in Sec. 2 result in two coupled, but discontinuous, fluid fields. In this section the scheme developed in Ref. [17] and used to solve the two-dimensional Stokes equations in Ref. [6] is reviewed. This is also the impetus for deriving the normal jump conditions across the interface.
Begin by discritizing the domain Ω using a uniform Cartesian mesh with a grid spacing of h in all directions. While this section will focus on two-dimensional domains the extension to three-dimensions is straight-forward and used in the subsequent sections. Now consider the solution to a generic Poisson problem of the form
where both u and f are (possibly) discontinuous across the interface. Upon discritizing Eq. (3.1) it is possible to classify all grid points as either regular or irregular, Fig.  3 .1. Regular nodes are those nodes where the interface does not cross the discritized stencil. As the solution is continuous away from the interface the discretization at regular nodes does not need to be modified. Irregular nodes are defined as those where the interface does cross the discritized stencil. As the solution u may be discontinuous across the interface it is not possible to use the standard discretization. Instead the system is modified at irregular points to take into account the discontinuity.
G f x i,j 
The issue is the values at x i−1,j and x i,j−1 exist in the Ω − domain, not the Ω + domain. This fact must be taken into account in the discretization. Let a jump across the interface be defined as
where x Γ is a point on the interface and n is the outward normal vector. Assume that the jumps in the solution, [u] Γ , the first normal derivative, [∂u/∂n] Γ , and the second normal derivative [∂ 2 u/∂n 2 ] Γ are known on the interface for the problem given in Eq. (3.1). Using a Taylor Series expansion in the normal direction about an interface point the jumps may be extended to a grid point by
where φ i,j is the signed-distance from the grid point x i,j to the interface, Fig. 3 .1. Note that by using the signed distance functions it is possible to account for extension of the jumps into either domain. By extending the solution jumps from the interface to the grid points it can be written that u
Use this expression in the Eq. (3.2) to get
As the jumps [u] i−1,j and [u] i,j−1 are known they can be moved to the right-hand side as explicit corrections on the linear system,
where C i,j is the total correction needed at an irregular node at location x i,j . In this case
2 . This method is easily extended to irregular nodes on either side of the interface and to three-dimensional systems.
It should be noted that the extension of the jumps must be calculated up to third-order accuracy to ensure that irregular nodes have a local truncation error of O(h). Despite this higher local truncation error the overall method will retain the second-order accuracy of the underlying discretization [1, 8, 10] . If the second-normal derivative is not taken into account the local truncation error for irregular nodes will be reduced to O(1) and the overall scheme would only be first-order. 
where the corrections C u and C p are non-zero only at irregular grid points. To calculate these corrections at irregular grid points the jumps up to the second-normal derivatives need to be derived for both the pressure and the augmented velocity, µu. This section will outline the derivation of these jump conditions. It should be noted that a C 0 -continuous velocity indicates that [u] = 0. It should also be noted that the interface can be approached from either the Ω − or Ω + domains. It is thus defined that
where f is a quantity, such as velocity, of interest.
Let n be the outward (pointing into Ω + ) unit normal while t and b are two unit tangent vectors chosen such that (n, t, b) form a Darboux Frame. Also chose t and b to lie along the principle directions of the interface, Fig. 4.1 . Denote the directions in the normal and two tangent vectors as n, t, and b, respectively. In the following sections all derivative in a particular direction are denoted as ∂/∂n, ∂/∂t, and ∂/∂b. Note that a lack of bold-face indicates a direction and not a vector.
Theorems 4.1 to 4.3 are non-trivial and non-obvious relations that will be used to develop the jump conditions for the pressure and velocity. 
Proof. For the fluid in each domain the incompressibility conditions holds, µ ± ∇ · u ± = 0. Thus, the jump in the incompressibility condition is zero across the interface. In terms of the local vectors this is
The velocity as you approach the interface must also be surface-divergent free, µ ± ∇ s · u ± = 0. Therefore the the jump in the surface divergence of the velocity must also be zero,
Combining Eqs. (4.6) and (4.7) results in
As the normal vector is continuous across the interface, n − = n + , the jump condition, Eq. (4.5), is obtained.
Theorem 4.2. The following expression holds on the interface,
Proof. The incompressibility constraint, ∇ · u = 0, must hold identically in both domains. Thus, the normal derivative of this constraint must also be zero, ∂ (∇ · u) /∂n = 0. It is thus possible to write 
Proof. The full Laplacian in the local frame can be written as (4.12)
while the surface Laplacian can be written as [26] (4.13)
Thus the following holds, (4.14) µ∇
Using the result of Theorem 4.1 the expression in Eq. (4.11) is shown to hold true.
The next three theorems outline the derivation of the pressure jump conditions. Theorem 4.4. The jump in the pressure is given by
Proof. The balance of forces on the interface, Eq. (2.7), is
Taking the normal component of this balance results in
Using Eq. 
or alternatively as
where κ t and κ b are the principle curvatures along the t and b directions and recalling that q is the velocity on the interface.
Proof. As Eq. (2.1) holds in each domain the jump in the system must be zero,
. Dotting this by n results in Eq. (4.18). As has been noted elsewhere [5] this form is not useful for numerical simulations due to the second-order partial derivatives of the velocity.
To obtain the alternative form begin by taking the surface divergence of the force balance on the interface, ∇ s · [σ · n] = ∇ s · f , or in expanded form:
Noting that the jump operator commutes with differentiation along the interface [5, 28] , individual portions of Eq. (4.20) can be written as
Next, write the surface divergence of a vector v on the interface as
When considering the derivatives of ∂u/∂n = (∇u) · n along the tangent directions it is necessary to also take derivatives of the normal vector along the same directions. This results in the following expression along the t-direction
where the derivative along the b-direction is similar. In the Darboux Frame it can be written that ∂n/dt = κ t t + τ t b, where τ t is the geodesic torsion along the t direction. As the t-direction is a principle direction then the geodesic torsion is zero, τ t = 0 [3] . Using this results in the following expression,
Combining this with a similar result in the b-direction gives
In a similar fashion the final portion of Eq. (4.20) can be written as 
Next, use Eq. (4.12) to split the Laplacian term in the base jump condition, Eq. (4.18), and combine with Eq. 4.28 to obtain
Letting κ g t be the geodesic curvature along the t direction allows for the following to hold, The exact form given in Eq. (4.19) can be obtained by writing jumps of the form
. This allows for the following to hold, Theorem 4.6. The jump in the second-normal derivative of the pressure is given by
where the jump in the first-normal derivative of the pressure is given in Eq. (4.19 
Solving for the jump in the second derivative and using the result of Theorem 4.4 results in Eq. (4.33).
The final three theorems outline the derivation of the velocity jump conditions. Theorem 4.7. The jump in the augmented velocity is given by
Proof. Expanding the jump [µu] results in 
where P is the projection operator given by P = I − n ⊗ n. Proof. Dot the force balance on the interface, Eq. (2.7), by the tangent directions to obtain
In conjunction with Eq. (4.5) a linear system can be written as
where n = (n x , n y , n z ) T , t = (t x , t y , t z ) T , and b = (b x , b y , b z ) T are the components of the local vectors.
As the inverse of the matrix in Eq. (4.40) is the transpose of the matrix the jump can be obtained as
Realizing that the term (f · t) t + (f · b) b is simply the tangential projection of the force f onto the interface the jump given in Eq. (4.37) is obtained. Theorem 4.9. The jump in the second normal derivative of the augmented velocity is given by
Proof. Consider the jump of the augmented momentum balance equation, Eq. (4.1). Expand the Laplacian of the velocity and the gradient of the pressure into normal and tangential components:
Due to continuity of tangential derivatives, the unit normal, and the total curvature, it can be stated that
The jump in the pressure is simply [p] = −f · n while
Finally, noticing that (∂/∂t)t + (∂/∂b)b = ∇ s is the surface gradient the jump condition given in Eq. (4.42) can be obtained.
Sample Test Case.
To verify the accuracy of the derived jump conditions a sample analytic test case has been created. To create this test case valid inner and outer velocity fields, u − and u + , are determined for a pre-determined interface. These velocity fields are chosen to enforce the conditions u − = u + and ∇ s ·u − = ∇ s ·u + = 0 on the interface Γ and ∇ · u − = ∇ · u + = 0 in the domain Ω. Next, arbitrary inner and outer pressure fields, p − and p + are chosen. Using the velocity and pressure field the inner and outer body forces, g − and g + can be calculated using Eq. (2.1). The singular force, f is obtained through the force balance on the interface, Eq. (2.7).
The analytic body and singular forces are then used in conjunction with the known interface velocity q and appropriate boundary conditions to solve the discontinuous Stokes equations in the domain using the Immersed Interface Method. The numerical pressure and velocity fields are compared to their analytic versions to determine the overall spatial accuracy of the method.
In this example the interface is a unit sphere centered at the origin. The outer viscosity is taken to be 1 while the inner viscosity is given by µ. The exact inner velocity and pressure for the region x 2 + y 2 + z 2 ≤ 1 are given by
This results in an inner body force of the form
The exact outer velocity and pressure for the region x 2 + y 2 + z 2 > 1 is
which results in a body force of (5.6)
A force balance on the interface results in a singular force of
Clearly on the interface q = u − = u + holds on Γ and can be applied in the derived jump conditions. 6. Results. In the following results the domain is a taken to be a [−2, 2] 3 cube. The pressure and velocity fields are obtained using a split calculation where the pressure is calculated first by solving Eq. (2.3) and then obtaining the velocity field through the solution of Eq. (2.1). It should be noted that the jump conditions allow for any Stokes field solution technique, not only the one used here.
Sample pressure results for the z = 0 plane on a 129 3 grid are shown in Fig.  (6.1) . The external viscosities shown are 0.001 and 1000. It is clear that the sharp discontinuity of the pressure is captured by the method and the result is not greatly affected by the viscosity ratio. To demonstrate that the derived jump conditions, when used with a secondorder Immersed Interface Method, achieve the desired accuracy the errors for both the pressure and velocity fields are now presented. In calculating the error external viscosities ranging from 10 −3 to 10 3 have been considered. Grid sizes ranging from 48 The error for the pressure field are presented in Fig. 6 .2 while the corresponding velocity errors are shown in Fig. 6.3 . For both the pressure and velocity fields the second-order accuracy of the underlying discretization is clearly preserved despite the presence of the discontinuities in the solution field. It should be noted that the overall accuracy of the method depends on the viscosity difference between the inner and outer fluid, with matched viscosity producing the lowest error. This is to be expected as the jump conditions are heavily dependent on this viscosity difference. Discretization errors in the surface derivative quantities, such as the surface Laplacian of Eq. (4.19) , are amplified as the viscosity difference increases. While more accurate surface derivative calculations would reduce this dependence, it will always remain and must be taken into account.
7. Concluding Remarks. In this paper the three-dimensional, normal jump conditions for the pressure and velocity fields have been derived for an embedded incompressible/inextensible interface with a singular force and in the presence of a discontinuous viscosity field. The jump conditions take into account the additional constraint of interface incompressibility given by a surface-divergent free velocity field. The jump conditions are applicable to any Stokes solver using the Immersed Interface Method. As a demonstration of the accuracy of the jump conditions a sample analytic test case has been created. Error analysis using this test case demonstrates that a second-order accurate discretization maintains the expected accuracy despite the discontinuity of the solution fields. Future work will use these jump conditions to construct generalized Immersed Interface Methods which are capable of enforcing surface incompressibility while solve the Stokes equations for multiphase Stokes flow with discontinuous viscosity.
